According to the wave power rule, the second derivative of a function x(t) with respect to the variable t is equal to negative n times the function x(t) raised to the power of 2n − 1. Solving the ordinary differential equations numerically results in waves appearing in the figures. The ordinary differential equation is very simple; however, waves, including the regular amplitude and period, are drawn in the figure. In this study, the function for obtaining the wave is called the leaf function. Based on the leaf function, the exact solutions for the undamped and unforced Duffing equations are presented. In the ordinary differential equation, in the positive region of the variable x(t), the second derivative d 2 x(t)/dt 2 becomes negative. Therefore, in the case that the curves vary with the time t under the condition x(t) > 0, the gradient dx(t)/dt constantly decreases as time t increases. That is, the tangential vector on the curve of the graph (with the abscissa t and the ordinate x(t)) changes from the upper right direction to the lower right direction as time t increases. On the other hand, in the negative region of the variable x(t), the second derivative d 2 x(t)/dt 2 becomes positive. The gradient dx(t)/dt constantly increases as time t decreases. That is, the tangent vector on the curve changes from the lower right direction to the upper right direction as time t increases. Since the behavior occurring in the positive region of the variable x(t) and the behavior occurring in the negative region of the variable x(t) alternately occur in regular intervals, waves appear by these interactions. In this paper, I present seven types of damped and divergence exact solutions by combining trigonometric functions, hyperbolic functions, hyperbolic leaf functions, leaf functions, and exponential functions. In each type, I show the derivation method and numerical examples, as well as describe the features of the waveform.
Introduction

Hyperbolic leaf functions
In our previous report, the exact solutions for the Duffing equation under free vibration were presented using leaf functions [1] . Leaf functions comprise two types of functions with initial conditions. One of them satisfies the following ordinary differential equation and initial conditions. 
The variable n represents an integer. In the paper, the variable was named as the basis. A function that satisfies the above equations is defined as follows.
x(t) = sleaf n (t) (4) Another function satisfies the following ordinary differential equations and initial conditions.
x(0) = 1 (6) dx(0) dt = 0
The variable n represents an integer. A function that satisfies the above equations is defined as follows.
x(t) = cleaf n (t)
For the basis n = 1, the function sleaf 1 (t) and cleaf 1 (t) represent the trigonometric functions sin(t) and cos(t), respectively. For the basis n = 2, the functions sleaf 2 (t) and cleaf 2 (t) represent the lemniscate functions sl(t) and cl(t), respectively. Based on results obtained from solving the ordinary differential equation numerically, Eqs. (1)- (3) or Eqs. (5)- (7) yield waves with respect to an arbitrary n. The ordinary differential equation is very simple. However, waves including the regular amplitude and period are drawn in the figure. On the right side of Eq. (1) and Eq. (5), if the minus changes to plus, the waves disappear with respect to any arbitrary n. The variable x(t) increases monotonically as the variable t increases. These ordinary differential equations are as follows:
x(0) = 0 (10) dx(0) dt = 1 (11) In this study, a function that satisfies the above equations is defined as sleafh n (x) [2] . The basis n represents an integer.
x(t) = sleafh n (t)
For the basis n = 1, the function sleafh 1 (t) represents the hyperbolic function sinh(t). In case of the basis n = 2, the function sleafh 2 (t) represents the Hyperbolic Lemniscate Function slh(t) or sinhlemn(t) [3, 4] . We further discuss combinations of the following differential equations and initial conditions.
2n−1 (13) x(0) = 1 (14)
The basis n represents an integer. A function that satisfies the above equations is defined as follows [5] .
x(t) = cleafh n (t)
For the basis n = 1, the function cleafh 1 (t) represents the hyperbolic function cosh(t). For the basis n = 2, the leaf function that satisfies Eq. (13) - (15) is cleafh 2 (t). In the literature, the corresponding functions with respect to the function cleafh 2 (t) cannot be found [4] . For n = 3, Ramanujan suggested an inverse function using a series [3] . Apart from this type of solution, exact solutions have not been presented. By applying an imaginary number to the phase of a trigonometric function, the relation between the trigonometric function and the hyperbolic function can be obtained. Similar analogies exist between leaf functions and hyperbolic leaf functions. Using the imaginary number for the phase of this leaf function, the relation between the leaf function and the hyperbolic leaf function can be derived [2] . First, we describe the relation between the leaf function sleaf n (t) and the hyperbolic leaf function sleafh n (t). When the basis n(= 2m − 1) is an odd number, the following relation is obtained. 
If the basis n(= 2m) is an even number, the following relation is obtained. sleaf 2m (i · t) = i · sleaf 2m (t)(m = 1, 2, 3, · · · ) (18) sleafh 2m (i · t) = i · sleafh 2m (t)(m = 1, 2, 3, · · · ) (19) With respect to an arbitrary basis n, the relation between the leaf function cleaf n (t) and the hyperbolic function cleafh n (t) is given as follows:
cleafh n (i · t) = cleaf n (t)(n = 1, 2, 3, · · · ) (20) Using the above relations, we can derive the relation equation between the hyperbolic leaf function sleafh n (t) and cleafh n (t) using the relation equation between the leaf functions sleaf n (t) and cleaf n (t) at the basis n = 1, 2 and 3. We can also derive the addition theorem for the hyperbolic leaf functions sleafh n (t) and cleafh n (t) using the addition theorem between sleaf n (t) and cleaf n (t) [2, 6] . These relation equations and addition theorems are both theoretically and numerically consistent.
Comparison of legacy functions with both leaf functions and hyperbolic leaf functions
The leaf functions and hyperbolic leaf functions based on the basis n = 1 are as follows: sleaf 1 (t) = sin(t) (21) cleaf 1 (t) = cos(t) (22) sleafh 1 (t) = sinh(t) (23) cleafh 1 (t) = cosh(t) (24) The lemniscate functions are presented by Gauss [7, 8] . The relation equations between this function and the leaf function are as follows:
sleaf 2 (t) = sl(t) (25) cleaf 2 (t) = cl(t) (26) sleafh 2 (t) = slh(t) (27) The definition of the function slh(t) of Eq.(27) can be confirmed by references [9, 10] . For the function corresponding to the hyperbolic leaf function cleafh 2 (t), no clear description can be found in the literature. In the case that the basis of a leaf function or a hyperbolic leaf function becomes n = 3 or higher, it cannot be represented by the lemniscate function. We can obtain the second derivatives of the Jacobi elliptic function, the lemniscate function, the leaf function, or the hyperbolic leaf function. These functions are defined as x(t). These second derivatives of the function x(t) can be described by the sum of terms obtained by raising the original function, x(t). 
By deciding the values of the coefficients c 0 ∼ c 3 , one of either functions in the lemniscate function, the leaf function and the hyperbolic function is determined. The maximum value of the exponent in the above equation is 3. Historically, discussions have not been had in the literature with respect to exponents above 4. Using definitions based on the leaf function or the hyperbolic leaf function, we can discuss differential equations composed of higher order exponents such as the following d 2 x(t) dt 2 = c 0 + c 1 x(t) + c 2 x(t) 2 + c 3 x(t) 3 + c 4 x(t) 4 + c 5 x(t)
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+ · · · + c n−1 x(t) n−1 + c n x(t) n (c 0 ∼ c n : constants)
The Duffing equation
For the basis n = 2, both leaf functions and hyperbolic functions are applied to the damped or divergence Duffing equation. The exact solutions consist of seven types of damped and divergence exact solutions. In each case, the derivation method and numerical examples are shown and the features of the waveform described. The Duffing equation consists of the second derivative of the unknown function, the first derivative of the unknown function, the unknown function, the cube of the unknown function and a trigonometric function. The equation is presented as follows:
The variable x(t) in the above equation represents an unknown function. The unknown function depends on time, t. The sign dx(t)/dt and the sign d 2 x(t)/dt 2 represent the first and second derivatives of x(t),respectively. The coefficients δ, α, β, F and ω do not depend on time, t. If the above equation is regarded as a mathematical model of mechanical vibration, the first, second, third and fourth terms on the left side of Eq. (30) represent the inertial, damping, rigidity, and nonlinear stiffness terms, respectively. The term on the right side of Eq. (30) represents the external force term.
Solving the Duffing equation
The method for finding the solution of the damped Duffing equation is roughly divided into two types: numerical solutions and exact solutions. In numerical solutions, a simple technique based on Taylor expansion is applied to determine an approximate solution for a nonlinear Duffing oscillator with damping effect under different initial conditions [11] . The nonlinear problem of the Duffing equation has been considered using the homotopy analysis technique. Compared to the perturbation methods [12] , homotopy treatment does not require any small parameters [13] .The dynamic behaviors and effects of random parameters are investigated. The Chebyshev orthogonal polynomial approximation method is applied to reduce the random parameter [14] . The harmonic oscillations of freedom of a Duffing oscillator with large damping are investigated using a simple point collocation method [15] .The improved constrained optimization harmonic balance method is employed to solve the Duffing oscillator. Analytical gradients of the object function are formulated. The sensitivity information of the Fourier coefficients can also be obtained [16] . Conversely, exact solutions of the Duffing equation using the Jacobi elliptic function are discussed. The exact solution for the cubic-quintic Duffing oscillator based on the use of Jacobi elliptic functions is presented [17] . Furthermore, the exact solutions for the damped Duffing equation are presented by extending the parameters of the exact solution [18] . The authors in Ref. [19] do not assume any expression for the solution but exactly solved the nonlinear differential equation, unlike the Elias-Zuniga procedure. An analytical solution for the damped Duffing equation was derived by setting the time-dependent modulus in the Jacobi elliptic function [20].
Originality and purpose
In our previous paper, exact solutions for undamped and unforced Duffing equations were presented by Ref. [1] using the leaf function. Conversely, the divergence phenomena (or damped vibration) can be obtained in the Duffing equation. The purpose of this paper is to present more exact solutions for the Duffing equation by combining hyperbolic leaf functions, leaf functions, and exponential functions. These combining functions make it possible to produce divergence phenomena or damped vibration for the Duffing equation. To represent the exact solution that decay with time, the exponential function is placed in the phase of the leaf function. In this type of solution, the description of the exact solutions could not be found in literature. In contrast, in the exact solutions that diverge with time, the original functions in the exact solutions also need to diverge with time. However, there are no examples defined as solutions for the Duffing equation using the lemniscate function slh(t). In this paper, to represent the exact solution for the Duffing equation, the integral function of the leaf function or the hyperbolic leaf function is placed in the phase of the trigonometric functions or hyperbolic functions. The description of the exact solutions could also not be found in the literature. In this paper, seven types of the exact solution are presented, out of which five are divergence solutions and two are damped solutions without external forces. In an exact solution using the Jacobi elliptic function, multiple parameters of the Jacobi elliptic function cumulatively influence the periods and amplitudes. Therefore, the parameter based on a period is hard to separate from the parameter based on an amplitude. To determine these parameters, we need to solve a sixth order equation [18] . The exact solutions presented in this paper have the feature that the coefficients of the Duffing equation can be represented in both amplitude and phase by two parameters using a leaf function, a hyperbolic leaf function, and an exponential function.
Numerical data for the hyperbolic leaf function
In the hyperbolic leaf function described in the previous section, curves and numerical data were described. The exact solutions are applied to the hyperbolic leaf functions or leaf functions based on the basis, n = 2. The graph of the hyperbolic leaf function based on the basis n = 2 is shown in Fig. 1 . The vertical and horizontal axes represent the variables x(t) and t, respectively. For the basis n = 2, the numerical data are summarized in Table 1 . The following equations are obtained from the initial conditions in Eq. (10) and Eq. (14) .
(32) The hyperbolic leaf function sleafh 2 (t) is an odd function whereas the hyperbolic leaf function cleafh 2 (t) is an even function. The following relations are obtained.
(34) The hyperbolic leaf functions sleafh 2 (t) and cleafh 2 (t) have limits. Given that each limit is ζ 2 and η 2 , they are obtained by the following equations [2, 5] . 
Numerical data under the inequality t < 0 are obtained using Eqs. (33) and (34).
From these extreme values, the following relations are obtained by the limits ζ 2 and η 2 . 
3 Exact solution for the Duffing equation
We consider the case where δ = 0 and F = 0 in the Duffing equation of (30). Three types of divergence exact solutions were presented in the above equation. We define those ordinary differential equations and initial conditions as type (VII I) to type (XIV). (See Ref. [1] for types (I) to (VII)). The integral function of the leaf functions and the hyperbolic leaf functions are defined as follows:
The variables x(t), A, t, ω, u, φ and B represent the displacement, amplitude, time, angular frequency, parameter, initial phase and constant, respectively. Exact Solution:
Ordinary Differential Equation:
Initial Condition:
Initial Velocity:
Type (IX) (See Appendix (IX) in detail)
Exact Solution:
Type (X) (See Appendix (X) in detail)
Type (XI) (See Appendix (XI) in detail)
Next, consider the case where F = 0 in the Duffing equation(Eq. (30)). In the exact solution that satisfies the Duffing equation, negative damping (divergence) based on type (XI) and type (XII) are presented. The ordinary differential equations and initial conditions are as follows.
Type (XII) (See Appendix (XII) in detail)
3.6 Type (XIII) (See Appendix (XIII) in detail)
In the exact solution that satisfies Eq. (30) under the condition F = 0, damping vibrations based on type (XIII) and type (XIV) are presented. The ordinary differential equations and initial conditions are as follows.
3.7 Type (XIV) (See Appendix (XIV) in detail)
4 Analysis of results
Divergence solution of type(VIII)
Let us consider a case where A = 1, ω = 1 and φ = 0 in Eq. (43), the integral function, the hyperbolic function cosh(t) and the hyperbolic leaf function cleafh 2 (t) are shown in Fig. 2 . The vertical and horizontal axes represent the variables x(t) and t, respectively. As shown in Eq. (36) and (39), the hyperbolic leaf function cleafh 2 (t) has limits [5] . Therefore, the hyperbolic leaf function cleafh 2 (t) increases sharply near the limit t = ±η 2 . The integral of the hyperbolic leaf function cleafh 2 (t) is obtained as follows [5] :
The function cleafh 2 (t) is included in the integral function, so that the integral function also increases sharply near the limit t = ±η 2 . In the exact solution of type (VIII) including the integral function l 0 cleafh 2 (t)dt, the (VIII) exact solution increases monotonically near the limit t = ±η 2 . In the case that the curves vary with the amplitude A under the conditions ω = 1 and φ = 0, the curves obtained by the (VIII) solution are shown in Fig. 3 . The limits t = ±η 2 do not vary even if the parameter A varies. For the inequality A > 0, the (VIII) solution increases monotonically with time, t. For the inequality A < 0, the curve of the (VIII) solution decreases monotonically with t. The initial position x(0) at t = 0 (Eq. (45)) also varies according to the parameter A. In case that the curves vary with the phase ω under the conditions A = 1 and φ = 0, the curves obtained by the (VIII) solution are shown in Fig.4 . The limit is t = ± η2 ω . The limit varies according to the phase ω. As the phase ω increases, the absolute value of the limit becomes smaller and the possible domain of the variable t becomes narrower. As the phase ω decreases, the absolute value of the limit becomes larger and the possible domain of the variable t become wider.
Divergence solutions of the type(IX)
Let us consider a case where A = 1, ω = 1 and φ = 0 in Eq. (47), the integral function, the hyperbolic function sinh(t), and the hyperbolic leaf function cleafh 2 (t) are shown in Fig. 5 . The vertical and horizontal axes represent the variables x(t) and t, respectively. The hyperbolic leaf function cleafh 2 (t) has limits [5] . Therefore, the exact solution of type (I 
Figure 2: Curves obtained by the (VIII) solution, the hyperbolic function cosh(t), the hyperbolic leaf function cleafh 2 (t) and the function t 0 cleafh 2 (t)dt X) increases monotonically near the limit t = η 2 , and decreases monotonically near the limit t = −η 2 . In case that curves vary with the amplitude A under the conditions ω = 1 and φ = 0, the curves obtained by the (IX) solution are shown as in Fig.6 . The limits of t = ±η 2 do not vary even if the parameter A varies. For the inequality A > 0, the (IX) solution increases monotonically with time, t. For the inequality A < 0, the (IX) solution decreases monotonically with t. The curve passes through x(0) = 0. In case that the curves vary with the amplitude ω under the conditions A = 1 and φ = 0, the curves obtained by the (IX) solution are shown as in Fig.7 . The limit is t = ± η2 ω . The limit varies according to the phase ω. As the phase ω increases, the absolute value of the limit decreases and the possible domain of the variable t becomes narrower. As the phase ω decreases, the absolute value of the limit increases and the possible domain of the variable t becomes wider.
Divergence solution of the type (X)
Let us consider a case where A = 1, ω = 1 and φ = 0 in Eq. (51). The (X) exact solution, the hyperbolic function cosh(t) and the hyperbolic leaf function cleafh 2 (t) are shown in Fig. 8 . The vertical and horizontal axes represent the variables x(t) and t, respectively. As shown in Fig. 8 , these functions are even functions that are symmetrical about the x(t) axis. The limits exist in the (X) exact solution. The (X) exact solution is transformed as follows:
Using the Eq. (III.4) in Ref. [1] , squaring both sides of the above equation yields the following equation.
The variable x 1 (t) is obtained as follows:
Next, the following equation is transformed:
Using the Eq. (H5) in Ref. [5] , squaring both sides of the above equation gives the following equation. As shown in Fig. 8 , the inequality x 2 (t) > 0 is obvious. The following equation is obtained.
Therefore, the (X) exact solution is obtained as follows:
Because the (X) exact solution contains the function cleafh 2 (t), its exact solution also has limits according to the limits of cleafh 2 (t). The domain of (X) is as follows.
The sign η 2 is a constant described by Eq. (36). The sign η 2 has the following relation given by Eq. (24) in Ref. [5] .
In the case that the curves vary with the amplitude A under the conditions ω = 1 and φ = 0, the curves obtained by the (X) solution are shown in Fig. 9 . The limit t = ±η 2 does not vary even if the parameter A varies. Conversely, the initial condition (Eq. (53)) varies with the amplitude, A. In case that the curves vary with the amplitude ω under the conditions A = 1 and φ = 0, the curves obtained by the (X) solution are shown in Fig. 10 . The limit is t = ± η2 ω . The limit varies with the phase, ω. As the phase ω increases, the absolute value of the limit decreases and the possible domain of the variable t becomes narrower. As the phase ω decreases, the absolute value of the limit increases and the possible domain of the variable t becomes larger.
Divergence solution of the type (XI)
Let us consider a case where A = 1, ω = 1, φ = −1 and B = 1 in Eq. (55), the (XI) exact solution, the hyperbolic function sinh(t) and the hyperbolic leaf function sleafh 2 (t) are shown in Fig. 11 . Based on Eq. (57), the curve passes through x(0) = 0. For the inequality t < 0, the variable x(t) converges asymptotically to zero. For t > 0, the variable x(t) increases monotonically. The limit exists for the hyperbolic leaf function sleafh 2 (e t − 1) (See Ref. [2] ). The possible range of e t − 1 is as follows: The following equation is obtained from the above equation.
The constant ζ 2 is obtained by the Eq. (35) (See Ref. [2] ) . In Eq. (82), the inequality −ζ 2 + 1 = −0.85407 · · · < e t always holds for any arbitrary time, t. We can take the logarithm of both sides in the inequality e t < ζ 2 + 1 in Eq. (82). Solving for the variable t yields the following equation.
The above inequality represents the domain of the variable t in Eq. (81). In case that curves vary with the amplitude A under the conditions ω = 1, φ = −1 and B = 1, the curves obtained by the (XI) solution are shown in Fig.12 . The limits do not vary even if the parameter A varies.
For the inequality A > 0, the exact solution x(t) of (XI) diverges to plus infinity. On the other hand, for the inequality A < 0, the exact solution x(t) of (XI) diverges to minus infinity. In case that the curves vary with the phase ω under the conditions A = 1, φ = −1 and B = 1, the curves obtained by the (XI) solution are shown in Fig. 13 . Let us consider the limit of the (XI) exact solution when the parameter ω varies. The limit of the variable t is obtained by the following equation.
When the right side of Eq. (85) is 1.85407 · · · , solving the above equation for the variable t yields the following equation.
Let us consider a case where the right side of Eq. (85) is -1.85407 · · · .
The variable t that satisfies the above equation does not exist. Therefore, the condition for the existence of the limit is ζ 2 = 1.85407 · · · . When ω > 0 in Eq. (86), the limit of the variable t is generated in the domain where t > 0. When ω < 0 in Eq. (86), the limit of the variable t is produced in the domain t < 0. In case that the curves vary with the Table 2 : Numerical data for the (VIII) solution under the conditions A = 1, φ = 0 and ω = 1 
The above equation is transformed as an inequality of the variable t. The following equation is obtained.
Because the constant ζ 2 is defined by the Eq. (35), the following equation is obtained by a numerical value.
Therefore, one or two limits depend on the variables B and φ. For A 0, the exact solution x(t) of the type (XI) passes through zero and increases monotonously. For A 0, the exact solution x(t) of the type (XI) passes through zero and decreases monotonously. The limits t = −2.617 · · · and t = 0.6559 · · · do not vary even if the parameter A varies. In case that the curves vary with the amplitude ω under the conditions A = 1, φ = −2 and B = 2, the curves obtained by the (XI) solution are shown in Fig.15 . The possible range of the variable t in the above equation is as follows:
As the absolute value of ω increases in the above equation, the limit of the variable t approaches zero, and the domain that the variable t can take is narrowed. As the absolute value of ω decreases, the limit of the variable t goes away from 0. Therefore, the domain of the variable t widens.
Negative damping solution of the type (XII)
Using the hyperbolic leaf function, the negative damping solution of the type (XII) is presented in this section. In the (X II) exact solution, the damped term for the Duffing equation dx(t)/dt does not work in the direction of the suppressing Fig. 16 . For the inequality t < 0, the variable x(t) converges asymptotically to zero. The curve passes through x(0) = 1. In the domain of the inequality t > 0, the variable x(t) diverges to infinity. The hyperbolic leaf function cleafh 2 (e t − 1) has a limit. Therefore, the range that the variable e t − 1 can take is as follows.
The following equation is obtained from the above equation.
The constants η 2 is obtained by the Eq. (36) (See Ref. [5] ). In Eq. (93), the inequality −η 2 + 1 = −0.311 · · · < e t always holds for arbitrary time t. In the inequality e t < η 2 + 1 in Eq. (93), we can take the logarithm of both sides. Solving for the variable t yields the following equation.
The above inequality represents the domain of the variable t. In case that the curves vary with the amplitude A under the conditions ω = 1, φ = −1 and B = 1, the curves obtained by the (XII) solution are shown in Fig. 17 . The limits do not vary even if the parameter A varies. For the inequality A > 0, the exact solution x(t) for (XII) diverges to positive infinity. In case that the curves vary with the phase ω under the conditions A = 1, φ = −1 and B = 1, the curves obtained by the (XII) solution are shown in Fig.18 . Let us consider the limit of the exact solution for (XII) when the parameter ω varies. The limit value for the variable t is obtained using the following equation.
When the right side of Eq. (95) is 1.31102 · · · , solving the above equation for the variable t yields the following equation.
When ω > 0 in Eq. (95), the limit of the variable t exists in the domain t > 0. When ω < 0, the limit of the variable t exists in the domain t < 0. As the absolute value of ω increases in the above equation, the limit of the variable t approaches zero. The domain of possible values of t becomes narrow. As the absolute value of ω decreases, the limit of x(t) the variable t goes away from 0. Therefore, the domain of the variable t widens. When the right side of equation (95) is -1.31102 · · · , solving the above equation for the variable t yields the following equation.
Because the logarithm take the negative value (−0.311 · · · ) in parenthesis, the variable t that satisfies the above equation does not exist. In case that the curves vary with the phase A under the conditions ω = 1, φ = −2 and B = 2, the curves obtained by the (XII) solution are shown in Fig. 19 . The possible range of 2e t − 2 in the above equation is as follows:
The above equation is transformed as an inequality of the variable t to yield the following equation.
Because the constant η 2 is defined by Eq. (36), the following equation is obtained. − 1.065690 · · · < t < 0.504109 · · · (100) One or two limits depend on the variables B and φ. The exact solution x(t) for (XII) passes through x(0) = A . In a situation where A 0, the exact solution diverges to plus infinity near both t = −1.065690 · · · and t = 0.504109 · · · . In a case where A 0, the exact solution diverges to minus infinity near both t = −1.065690 · · · and t = 0.504109 · · · . These limits do not vary even if the parameter A varies. In case that the curves vary with the amplitude ω under the conditions A = 1, φ = −2 and B = 2, the curves obtained by the (XII) solution are shown in Fig. 20 . The possible range of the variable t in the above equation is as follows:
As the absolute value of ω increases in the above equation, the domain of possible values for t becomes narrower and narrower as shown in the Eq. (101). As the absolute value of ω decreases, the limit of the variable t goes away from 0. Therefore, the domain of the variable t becomes wider and wider.
Damping solution of the type (XIII)
Let us consider Eq. (63) that satisfies the Duffing equation. Physically, the exact solution of the type (XIII) corresponds to the nonlinear spring model of the damping system. x(t) 
Period
When A = 1, ω = 1, φ = 0 and B = π 2 /2, the curves obtained by the (XIII) solution are shown in Fig.21 . The horizontal axis represents time t whereas the vertical axis represents displacement, x(t). As shown in Fig. 21 , the period of the wave varies with time. In the Fig.21 , the T 1 , T 2 , · · · , T 6 represents the first period, the second period, · · · , and the sixth period, respectively. First, let us consider the first period T 1 . Substituting -∞ into the variable t, the value of the type (XIII) can be obtained as follows:
On the other hand, substituting ln4 into the variable t, the value of the type (XIII) can be obtained as follows:
The first period T 1 is as follows:
The domain of the first period T 1 is as follows: − ∞ < t ln4 (105) Next, let us consider the second period T 2 . Substituting ln8 into the variable t, the value of the type (XIII) can be obtained as follows:
The second period T 2 is as follows:
(107) The domain of the second period T 2 is as follows:
In this way, the m th period T m can be generalized as follows:
The domain of the m th period T m is as follows: 
Amplitude
A time with respect to the convex upward of wave is obtained by using the gradient of the type (XIII). Using the condition dx(t)/dt = 0 in the Eq. (180), we can obtain the equation as follows:
Unfortunately, we can not obtain the exact solution of the variable t by the above equation. Using the numerical analysis, the variable t that satisfy with the Eq. (111) is obtained. Under the conditions B = π 2 /2, A = 1, ω = 1 and φ = 0, the amplitude x(t) with respect to the time t are summarized in the Table 7 and Table 8 .
The curve x(t) = ±e t is added in Fig. 21 . As shown in Fig. 21 , the curve e t intersects the curve sleaf 2 ( π2 2 e t ) at the condition sleaf 2 ( π2 2 e t ) = ±1. In the case where the condition sleaf 2 ( π2 2 e t ) = 1, the time t is obtained as follows:
The following equation is obtained by the above equation.
Substituting t k into the Eq. (63) for the solution of type (XIII), the following equation is obtained. Figure 8 : Curves obtained by the (X) exact solution, the hyperbolic function cosh(t), the leaf function cleafh 2 (t), the function 1 + (cleafh 2 (t)) 2 and the function 1 − (sleafh 2 (t)) 2 In the case where the condition sleaf 2 ( π2 2 e t ) = −1, the time t is obtained as follows:
Substituting t k into the Eq. (63), the following equation is obtained.
These data both the time t (by the Eq. (113) and the Eq. (116) ) and the amplitude x(t) (by the Eq. (114) and the Eq. (117)) are summarized in Table 9 and (the table 7 and the table 8) . As an approximate value of the amplitude, amplitude can be easily obtained from the Eq. (114) and the Eq. (117). Fig. 22 and Fig. 23 show the variation of waves as the parameter A vary. As the parameter A increases, the height of the wave increases with keeping the wave period. Let us consider the parameter ω under the conditions B = π 2 /2, φ = 0 and A = 1. The curves for the (XIII) solution are shown in the Fig. 24 . In the negative domain of the variable t, the waves have no period. Conversely, in the positive domain of the variable t, the waves show periodicity. As the magnitude of ω increases, a period becomes shorter. As the magnitude of ω decreases, a period becomes longer. As shown in Fig 25, for ω < 0, the wave has no periodicity in the positive domain t. The exact solution for (XIII) decreases monotonically as time, t increases. In the negative domain of the variable t, the wave shows periodicity. x(t) 
Damping solution of the type (XIV)
Let us consider Eq. (63) that satisfies the Duffing equation. Physically, the exact solution of the type (XIV) corresponds to the nonlinear spring model of the damping system.
Period
When A = 1, ω = 1, φ = 0 and B = π 2 /2, the curves obtained by the (XIV) are shown in Fig.26 . The horizontal axis represents time t whereas the vertical axis represents displacement, x(t). As shown in Fig. 26 , the period of the wave varies with time. In the Fig.26 , the T 1 , T 2 , · · · , T 6 represents the first period, the second period, · · · , and the sixth period, respectively. First, let us consider the first period T 1 . Substituting -∞ into the variable t, the value of the type (XIV) can be obtained as follows:
On the other hand, substituting ln4 into the variable t, the value of the type (XIV) can be obtained as follows:
The domain of the first period T 1 is as follows:
Next, let us consider the second period T 2 . Substituting ln8 into the variable t, the value of the type (XIV) can be obtained as follows:
The domain of the second period T 2 is as follows: In this way, the m th period T m can be generalized as follows:
The domain of the m th period T m is as follows:
Amplitude
A time with respect to the convex upward of wave is obtained by using the gradient of type (XIV). Using the condition dx(t)/dt = 0 in the Eq. (190), we can obtain the equation as follows:
We can not obtain the exact solution of the variable t by the above equation. Using the numerical analysis, the variable t that satisfy with the Eq. (127) is obtained. The value t and the amplitude x(t) are summarized in the Table 12 and  Table 13 .
The curve x(t) = ±e t is added in Fig. 26 . As shown in Fig. 26 , the curve e t intersects the curve cleaf 2 ( π2 2 e t ) at the condition cleaf 2 ( π2 2 e t ) = ±1. In the case where the condition cleaf 2 ( π2 2 e t ) = 1, the time t is obtained as follows:
Substituting t k into the Eq. (67) for the solution of type (XIV), the following equation is obtained. In the case where the condition cleaf 2 ( π2 2 e t ) = −1, the time t is obtained as follows:
Substituting t k into the Eq. (67), the following equation is obtained.
These data both the time t (by the Eq. (129) and the Eq. (132) ) and the amplitude x(t) (by the Eq. (130) and the Eq. (133)) are summarized in Table 14 and Fig. 27 and Fig. 28 show the variation of waves as the parameter A vary. As the parameter A increases, the height of the wave increases with keeping the wave period. Let us consider the parameter ω under the conditions B = π 2 /2, φ = 0 and A = 1. The curves for the (XIV) solution are shown in the Fig. 29 . In the negative domain of the variable t, the waves have no period. Conversely, in the positive domain of the variable t, the Table 5 : Numerical data for the (XI) solution under the conditions A = 1, B = 1, φ = −1 and ω=1 Fig. 21 Time t Exact amplitude x(t) Table 11 : Numerical data for the (XIII) solution under the conditions A = 1, B = 1, φ = −1 and ω = 1 
3.178767206 · · · 24.01107178 · · · Table 13 : Exact amplitude x(t) at convex downward for the (XIV) Number in Fig. 26 Time t Exact amplitude x(t) waves show periodicity. As the magnitude of ω increases, a period becomes shorter. As the magnitude of ω decreases, a period becomes longer. As shown in Fig 30, for ω < 0, the wave has no periodicity in the positive domain t. The exact solution for (XIV) decreases monotonically as time, t increases. In the negative domain of the variable t, the wave shows periodicity.
Conclusion
In our previous paper, exact solutions that satisfy undamped and unforced Duffing equations were presented using the leaf function. The waveform obtained from the exact solution exhibits periodicity. The waveform has a different waveform from the sine and cosine waveforms. In this paper, exact solutions for divergence and damped Duffing solutions were presented using leaf functions, hyperbolic leaf functions, and exponential functions. When the solution diverges with time, the original function also needs to diverge with time. However, there is no example in the literature showing the solution of the Duffing equation using the lemniscate function slh(t). The function slh(t) diverges as time, t increases. To represent the exact solution for divergence in the Duffing equation, the integral function of the hyperbolic leaf function is implemented in the phase of the trigonometric function. The hyperbolic leaf function has a limit. Depending on the limit of the hyperbolic leaf function, the exact solution for the divergent type also has a limit. One or two limits occur depending on the initial conditions. In the exact solution for the damped Duffing equation, the exponential function was implemented in the phase of the leaf function to describe the exact solution. Over time, one period of the wave changes with time, depending on the condition of the parameter. Finally, the periodic state of the wave transitions to a state where there is no periodicity. Table 16 : Numerical data for the (XIII) solution under the conditions A = 1, B = 1, φ = −1 and ω = 1 
Appendix (VIII)
The exact solution of the type (VIII) satisfies the cubic Duffing equation. The solution diverges with time, t. The first derivative of the Eq. (43) is obtained as follows:
The second derivative of the above equation is obtained as follows.
The following equation is derived from Eq. (63) in Ref. [5] .
Using the above equation, the equation can be transformed as follows.
Substituting the above two equations into equation (135) yields the following equation. 
The coefficients α and β in Eq. (30) are as follows.
Appendix (IX)
The exact solution of the type (IX) satisfies the cubic Duffing equation. The solution diverges with time, t. The first derivative of the above equation is obtained as follows.
Substituting (136) and (137) into the above equation gives the following equation. Substituting (47) into the above equation leads to the following equation.
The coefficients α and β for the Duffing equation(Eq.(30)) are as follows. 
Using the addition theorem, we can summarize the equation as follows.
Using the triple-angle formula, the above equation can be transformed as follows. 
−(sleaf
Using the Eq. (III.4) in Ref. [1] and the Eq. (H5) in Ref. [5] , the following equation is obtained.
The following equation is obtained from the above equation. The variable x(t) 3 is expanded as follows.
The above equation is applied to Eq. (156). The following equation is obtained from the above equation.
The ordinary differential equation (52) are obtained.
Appendix (XI)
The exact solution of the type (XI) satisfies the cubic Duffing equation. The solution diverges with time, t. The first derivative of the equation is obtained as follows.
The second derivative of the above equation is obtained as follows. 
The above equation is summarized as follows.
For the above equation to hold for an arbitrary variable t, it is necessary to satisfy the following equations.
Under the conditions A = 0, B = 0 and ω = 0, the coefficients of the Duffing equation (30) can be obtained as follows.
Appendix (XII)
In this section, it is shown that the exact solution of the type (XII) satisfies the Duffing equation. The first derivative of the Eq. (59) is obtained as follows. The second derivative of the above equation is obtained as follows.
Substituting these equations into the Duffing equation (30) yields the following equation.
For the above equation to hold for an arbitrary parameter t, it is necessary to satisfy the following equations.
Under the conditions A = 0, B = 0 and ω = 0, the coefficients of the Duffing equation can be derived as follows. 
For the above equation to hold for an arbitrary variable t, it is necessary to satisfy the following equations. 
